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The relaxation of a relativistic electron beam is studied in one space dimension by two
different codes: (a) by a hybrid code where the fluid equations for the background plasma
are integrated according to the pseudospectral method, and the beam particle equations
by the particle-in-cell method; (b) by a pure particle-in-ceil code. Thermal energy remains
small in both simulations, which indicates that the fluid description is adequate to study
the interaction. Beyond that, a quantitative comparison of the results shows good agree-
ment; code (a) is more accurate due to the lower noise level, but it is also more sensitive
to numerical instabilities. Finally, we show that simpler models like the single-wave model
and its derivatives are in conflict with the correct wave—particle dynamics.

1. INTRODUCTION

The numerical study of plasma behavior has proceeded mainly along two lines
which look physically and technically rather dissimilar: The plasma is treated either
as a fluid or as an assembly of particles of finite size. While both ways of viewing the
physical situation lead to well-known advantages and shortcomings of the
corresponding numerical codes, relatively little is known of the feasibility and accuracy
of a combination of both methods. Fluid equations may well be integrated by a
particle-in-cell (PIC) technique (Harlow [1], Marder [2], Morse er al. [3], Leboeuf
et al. [4]), but here we are thinking of a hybrid code: the combination of an ordinary
fluid code, to be used for nonresonant particles, with an ordinary PIC code (Morse [5])
for resonant particles. A similar code operating on a long time scale has already been
used by Rathmann ez al. [6], but the specific advantages and shortcomings of a
hybrid code do not seem to have been explored systematically in comparison with an
ordinary particle code. Basic questions refer to the parameter range where the fluid
code operates in a numerically stable regime, and also to the accuracy and economy
of a hybrid code, in comparison with a pure particle code. It is true that the distinction
between resonant and nonresonant particles may become artificial during the course
of time for particular runs, but the use of few “representative” particles in a fluid with
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a low noise level is generally attractive as long as the plasma state can be reproduced
this way.

We calculate the linear phase and the saturation of the relativistic two-stream
instability in one space dimension with immobile ions. Code (a) integrates the fluid
equations for the background electrons in an Eulerian manner (pseudospectral
method) which can easily be used also in two and three space dimensions, while the
beam electrons are treated individually according to the PIC technique. Code (b)
integrates the equations of motion of all electrons individually according to the PIC
method; it gives results similar to those obtained by Thode and Sudan [7] with a
different numerical scheme.

In the next section we formulate the problem in more detail; Section 3 describes
the numerical procedures; and Sections 4, 5, and 6 show the numerical results for the
initial, linear, and saturated phases, respectively. Section 7 is devoted to the question
of how the stability of the hybrid code can be improved, and how much time is saved
or lost in comparable runs.

2. FORMULATION OF THE PROBLEM

In case (a) we consider an electron fluid with mass density p and with the x-com-
ponent of the velocity field

~
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where vPom is the spatial average of v, over a pertodicity interval of length L; and ¢ is
the velocity potential. A relativistic electron beam moving in the x-direction excites an
electric field

E — Ehom __ _6_ @’
ox

where “hom” again means the spatial average, and @ is the electric potential. Here
the question arises whether the transverse modes play an essential role in more realistic
two- or three-dimensional runs. At the present time this problem can only be discussed
within the linear theory: for a beam propagating in an unmagnetized plasma, the
growth rate of transverse modes is reduced both by small transverse velocities of beam
particles and by increasing the temperature of the background plasma. The case of a
beam propagating through a magnetized plasma along the magnetic field B is more
subtle, but the growth rates have been computed by Godfrey et al. [8] with the follow-
ing results: analytic expressions for the maximum growth rates of electrostatic modes
in the “weak beam case” are in good agreement with those obtained from numerical
solutions of the full electromagnetic dispersion relation, with the main exception that
the numerical maximum growth rate of thetwo-stream instability for large B (w,, > w,,)
drops off still faster with increasing angle between the wave vector and B than the
analytical rate. Therefore, even the one-dimensional treatment seems to be adequate
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in this case. Generally, we should use the following fluid equation for the velocity
field of the background electrons:

o<y

B+ (5 V)b + VP = —i(F:+
m
where the quantity

P — [ dplp
is evaluated with adiabatic index 3. Equivalently we may write
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where Etr is the transverse part of the electric field, and Qs the total vorticity:
Q=Vxb—- B
me

For electrostatic perturbations, we have Etr =0, B=0, and the generalized
Helmbholtz equation:
Q =V x@®xH
with the trivial solution £ = 0 (corresponding to a rotation of the equilibrium plasma

if B # 0). The velocity field is then given according to the Clebsch representation [9]
as

¥ = phom — Vo 4 x Vi
with the time-independent vorticity

V X § = (Vy) x(vlp):fgﬁ.

Equation (1) is then used to obtain the following two scalar equations:

- e =
phom —— __ E Ehom’ (28)

g =+ P—L0. (2b)
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In the one-dimensional case we can put y = ¢ = 0 without loss of generality and
start immediately with Eq. (2a) and with Bernoulli’s equation, Eq. (2b). The remaining
set of equations then reads as follows:

. 0
p = ox (PU), 3)
Erom — 4 < {{po]rom + [pyuy]rom, )
X, =1r,, (5
i, = — (6)
m
2P e ‘
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with
U, = Yuly
Yo = (I — v.%ch)7E,
W=1,2 Ny.

Equation (3) expresses the mass conservation of the background electrons; Eq. (4) is
the spatial average of Ampere’s law; and p, , v, refer to the beam quantities which are
obtained in an obvious manner from the (x,, v,) variables of each beam particle.
Equations (5) and (6) are the relativistic equations of motion for the beam electrons.
Finally, we have to solve Poisson’s equation, (7), for every time step. At ¢t =0 we
assume that the total current proportional to the right-hand side of Eq. (4) is zero, but
for ¢ > 0 this will not remain true. Therefore, we included the homogeneous variables
Ehom_ phom The initial strength of the beam can be measured by the parameter S of
Thode and Sudan [7]:

S = (1,/0)* y,(pyom/2pPom)/? ®)

with
yo = (1 — opfety 1
The beam energy is expected to be transformed partially into various other energies:

electrostatic field energy, kinetic energy of background electrons, and thermal energy;
but the total energy H should be invariant:

1 i

1
H = fdx gv E?+ Epv2 -+ fdp' P(p')% + Y my.c? 9
* u=1
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the summation is over all beam particles. This will serve as a test for the numerical
integration. Code (b) integrated only the particle equations (5) and (6) for both
background and beam electrons simultaneously with (7).

The energy invariant now reads

o [ae - pl 4+ 3 e
- f X g EX 2 my,c?,

where N is equal to the total number of beam and background electrons.

3. NUMERICAL PROCEDURES

The system of Eqgs. (2)-(7) has been integrated in dimensionless form by code (a);
the corresponding figures in the following sections are also labeled by (a). The time
integration has been done by a central explicit difference scheme of second order
(leap frog). This is usual and well adapted for the PIC method [5], which has been
used for treating the dynamics of the beam electrons and their contribution to the
electric field (Egs. (5), (6), and (7)). All x, are computed and used at integer time
steps, all v, in between. But this leads to a difficulty in Eq. (4), where the mean beam
velocity v, is required at integer time steps; therefore, some interpolations or extra-
polations are inevitable. The following closed system has been used for discretization
in time:

W ) - ) () e

(o) y

x(t + 4ty = x,(t) + At ¢, (t e Tt)

ot + A1) = plt — A1) + 241 (— -2 [0
® .

ot + A1) = ¢(t — At) + 24t [— n—@ j 2 L P] 0);

4 T
Eom (, + Azt_) — Ehom (, _ 75) + At iﬁ < {lpeIrom(t) + [pagyIrom(n)},
(y) 4
vhom(s 4 At) = phom(t) 4+ Ay (~ —) Eom (t - —25)

Assuming that all quantities are known at time ¢ or ¢ — 4¢/2, respectively, we find
the new particle coordinates according to (x) by converting v,(t — 4¢/2) into u,(t —
At/2) and reconverting u,(t + 4t/2) into v,(t + 4¢/2). The fluid quantities p and ¢ are
assumed to be known simultaneously at ¢t and ¢ — 4¢; then we can advance them
repeatedly according to (8). The homogeneous quantities are determined from (y).



76 ELSASSER AND MAASJOST

The value of v, in a given cell of the x-space grid is obtained by computing the center-
of-mass velocity of all particles contributing to the density in this cell. The mass
assigned to a particle is determined by area weighting, and its velocity is taken to be
the mean value of v, (¢ -+ 4¢/2) and v,(t — 4t/2).

Finally, we have to mention that («) requires the extrapolation of the homogeneous
part of E from ¢ — 4¢/2 to ¢t which has also been done linearly. The discretization in
x has been replaced by truncating the Fourier series of p and ¢, respectively; (8) and
Poisson’s equation have been solved in Fourier space. The convolution sums arising
from the nonlinear terms have been evaluated in the fastest manner by transforming
the factors into x-space and retransforming the product into Fourier space without
removing the aliasing interactions. This pseudospectral method has been found to be
less accurate for wave propagation problems than the spectral method (Schamel and
Elsdisser [10]), but in the present problem the accuracy was sufficient for the com-
parison between results (a) and (b). The starting values of p and ¢ in case (a) were
obtained by simulating the thermal noise in Fourier space at t = 0 with a Monte
Carlo method, and by distributing the beam particles uniformly in x-space with equal
velocity v, (cold beam). The second values of p and ¢ which are needed to start (8)
were obtained with Euler’s method. The general procedure for (a) is shown in the
flow diagram.

Code (b) integrated only the particle Eqs (5) and (6) for both background and beam
electrons simultaneously with (7) according to PIC; the initial distribution of back-
ground electrons was spatially homogeneous and Maxwellian in velocity space; its
mean velocity v8°m has been chosen as in case (a) to cancel the initial beam current.

4. INITIAL PHASE

The following initial parameters have been chosen (vthe = (xT,/m,)!/* = thermal
speed of background electrons; A, = Debye length = vtne/w5,):

vy/ec = 0.9; vine/c = 0.1.

Number of cells in k- or x-space: 128.
Maximum wave number (= m/4x): AR
phom/phom in case (a): 0.05.
Number of beam electrons: 256 for (a),
768 for (b).
Number of background electrons for (b): 15,616.
Time step 4¢ in units of w,: 0.05 for (a),
0.5 for (b).

The resulting beam strength parameter (Eq. (8)) is S = 0.4 in both cases.
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After some time steps, we observed the following mean values (in space and time)
of the turbulence parameter:

<E®

— -6
ST, = 18 % 10 for (a),

=23 %10  for (b).

In (a) we have chosen small initial Fourier amplitudes, thus producing a low noise
level. Its order of magnitude corresponds to the thermal noise of real plasmas. The
higher value, according to (b), is in rough agreement with the formula for the thermal
noise of a 1 — d plasma with the parameters of code (b), namely:

I 1

—_ . -3
5 e 4 x 1073,

The observed lower value in case (b) is probably due to the finite size of the particles:
for particles of length a with homogeneous charge density, one obtains the following
shape factor for the charge density (Birdsall ez al. [11]):

S(k) = sin(ka)/(ka). (10)

The Fourier transform of the density of point particles has to be multiplied by the
square of this expression, leading thus to a decreasing electric field at high wave
numbers k.

5. LINEAR PHASE

The wave number of the most unstable mode is given according to the linear
theory by

ky = wpefvy ~ Qu/L)[k,] (11)
with
[ky] = 7.

We have calculated the growth rates for this and the two neighboring modes 6 and 8
from the dispersion relations

2 2
e Wwe 2y o®me
b= koo 50 e Ty (122)
2 2
— 2 wpe 2 nbwm
! Sk (w — kphom)2 + S%k) ey (w — kup)?’ (12b)
2 2
- Wpe yWpe
T o ke g — e (129
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where S(k) is the shape factor given by Eq. (10). Equations (12a) and (12b) are the
approximate dispersion relations for the runs (a) and (b), respectively, when the
temperature of the background electrons can be neglected. Equation (12¢) is the
corresponding relation for the case of point particles. The results for these ‘““theore-
tical” growth rates are displayed in Table I. The effect of the shape factor is obviously
more pronounced in case (b) than in (a). The observed growth rates in Table | are
obtained from Fig. la and b, where the logarithm of the squared modulus of the
electric field amplitude for the three modes is plotted as function of time. Both
figures clearly show a linear phase; the corresponding slopes give twice the experimen-

TABLE 1

Comparison of Growth Rates for the Three Most Unstable Modes

(a) (b) (©)
[k} kAp Theor. Exp. Theor. Exp. Eq. (12¢)
6 0.094 0.091 0.088 0.091 0.073 0.091
0.109 0.103 0.103 0.101 0.101 0.104
8 0.125 0.075 0.082 0.057 0.081 0.076

107

103

10"

L 20 30 L 50 BL 70 8 36 HK Nl
Fi1G. 1. Wave energy | Ex i2/8m(p + py)xT./m for the three most unstable modes as a function
of time.
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tal growth rates of Table I in units of w,, . The general agreement between theoretical
and experimental growth rates is satisfactory. Deviations are due to the finite cell
size whose effect on the dispersion relation is not included in the PIC theory. In code
(a), we have computed the evolution of Fourier modes, thus doing numerically what
is done analytically in linear theory. Differences arise from the finite time step and the
PIC technique used for the beam. Because its density is small, the resuits in code (a)
are in better agreement with theory than those in (b), where PIC has been used for
beam and plasma. The different noise level is responsible for the different time inter-
vals where the linear phase can be observed. The times for (a) and (b) physically
corresponding with each other can be obtained by comparing figures which show the
same stage of the evolution, e.g., we can compare the phase space plots of the beam
particles in Figs. 2a (w,.t = 80) and 2b (w,t = 50), where the most unstable mode
has reached a comparable fraction of its saturation level. We find essentially the same
distribution functions up to a phase shift in x. The density contrast is better in Fig. 2b,
since the number of beam particles in (b) is three times higher than in (a) (though the
relative numbers are equal). The distribution of beam particles retraces the electric
field in this phase. It is not sinusoidal due to the presence of the modes with k slightly
different from k, , and due to a modulation with the basic wave number 27/L.

2a

2b

errir; ETS T o IS 3]

FiG. 2. Distribution of beam particles in phase space at w,t = 80 (a) and w,,z = 50 (b). V' and
x are increasing from the top to the bottom and from the left to the right, respectively.

581/36/1-6
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6. SATURATED PHASE

The linear phase is terminated if the beam particles become slow enough to be
trapped in the moving potential waves. Shortly before trapping these particles are
localized in x-space, and the higher harmonics of the most unstable modes are
generated. Figures 3a and b depict the electric field energy density as a function of the

Tl Al g
i ﬂh AL

Fic. 3. Wave energy | Ex [*/87(p + po)xT,im as a function of wavenumber shortly before
saturation.

wave number; in case (a) the generation of higher harmonics is more pronounced due
to the lower noise level. In both cases the trapping could clearly be seen by inspection
of the whirls in the phase space plots of the beam particles; after the saturation time
t, , where the field energy reaches a first maximum,

W =Y | Ex [}/8mnygysem.c? = 0.074 for (a),
T

~ 0072 for (b), (3)
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we observe a quasi-periodic energy exchange between the beam and background
particles. Figures 4a and b show the time evolution of several energies listed in Eq. (9):
beam energy (curve 1), total background energy (curve 2), and electric field energy
(curve 3) in different units. The drop of the field energy from the first maximum at

W pets = 96 for (a),
= 66 for (b),

to a minimum is more pronounced in (a) because the bunching of the beam particles
in x-space is more effective in the fluid code. We find

(14)

minimum of field energy = 159, of maximum for (a),
= 40% of maximum for (b).

T

e
|

O X 30 L 0 & d & @ 1w

F1G. 4. Beam energy (1), plasma energy (2), and field energy (3) as functions of time (arbitrary
units; curves labeled identically also have identical scales).
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It is interesting to compare, also, the thermal part of the background energies
because the adiabatic law in case (a) is, in general, physically different from an
empirical law, which would match the results in case (b). We have calculated the
mean velocity of the background particles in case (b) and subtracted the corresponding
ordered kinetic energy from the total background energy; the remaining energy called
thermal energy has been compared at the end of the run with the corresponding
quantity at r = 0. We find

Increase of total background energy per particle, 4E,, = 1.07 X 10~2m,c? for (a)
= 0.92 x 102 m,c? for (b).

Increase of thermal energy per particle: = 5.4 9 of 4E,, for (a),

10.2 9% of 4E,, for (b).

I

fB(V) a

ol mJ(Jhqu,g | SM( LlllIM|lju;Jm1)1Jd‘ .....

C

f5(v} b

Lo ,ué,mLLLLLMMJﬂS MHM I

7 § 9 1C

Fic. 5. Homogeneous beam distribution function at saturation. The step size for fa is one
particle per velocity interval in both cases, normalized to equal numbers of beam particles.
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Therefore, the adiabatic law is not really consistent with the PIC simulation, but in
both cases the thermal energy is only a small fraction of the total background energy
and the difference can be ignored. The variation of the total energy H, according to
Eq. (9), has also been measured:

4H = 0.10% of H for (a),

= 0.14% of H for (b),

which is still an order of magnitude smaller than the increase of the thermal back-
ground energy.

felv)

ViVis,

S HH..IISJJJII,JLJ‘hl]‘lﬂumuuﬂltuu I

falv) b

e st L

9 0"
Ve,

Fi16. 6. Same as Fig. 5, but at the first minimum of the field energy.
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The spatially averaged beam particle distribution function f3(v) has been observed
at the times 7, fyip of maximum and minimum field energy, respectively. At f = ¢,
we find a high-energy part around v &~ 0.96¢c = 9.6vy,e and a relatively flat part for
v < 0.9c in Figs. 5a and b. Figures 5a and b have been normalized to equal beam
particle numbers. Later on, the beam particles are accelerated by the waves, and we
expect higher energies at = tmin . This is confirmed by Figs. 6a and b, where a group
of particles has been moved from the flat part of the distribution function to higher
velocities. We define a number Ny of high-energy particles

N = [ dofafo),

0.9¢
and find the following results:

Ny |4, = 28.5 9, of Npg for (a),
= 28.8 % of Njp for (b).

Ny iy — 48.8°, of Ng for (a),
= 37.6 %, of Ny for (b).

Up to ¢ = t, we see rather similar distribution functions, but for ¢ = tmin the dif-
ferences are more pronounced. The PIC code produces a smearing out of the particle
phases at this time as compared with code (a). The same phenomenon could also be
supposed when comparing the minima of background and field energies in Figs. 4a
and b.

7. STABILIZING PROCEDURES AND COMPETITIVE RUNS

An ideal code would combine the numerical stability of the PIC code, allowing
large time steps, with the economy (per time step) and numerical accuracy of the
fluid code. Of course, we have not achieved this goal, but some steps have been made
in this direction. Here we present the results of several runs both for (a) and (b), where
some time-saving and/or stabilizing procedures have been applied.

The time step in an explicit scheme is usually limited by the requirement of numerical
stability of the modes with highest frequency wmax. Using the linear fluid part of the
equations of motion (8) and the fluid part of Poisson’s equation (7) as a guide, we
obtain the usual dispersion relation for Langmuir waves:

Wit = Wil + 3k*ApY)

with the cut-off

2

kmesdo = 128 A

64y = 1
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and, therefore,

Wmax — 2wz)e ’

a rather high value where Landau damping should be included. But the trapping
phase has also been found to be critical for stability, requiring w,,47 <€ wy/wmax =
0.5 and leading us to the extremely small value of w,, 4¢ = 0.05. The situation gets
still worse for a run with Ax ~ Ap , kmaxAp &~ 7, Wmax & 5w, .

Therefore, we explored two methods to improve the stability of the fluid code.

The first method is a semi-implicit time discretization scheme of second-order
accuracy for the equations (8) of the form

l 1
241 (W gp — Wpae] = 3 L - [u 4 + u gl + N(u,, up), (15)

where the elements of the vector u, are the unknown functions p, ¢ at time ¢:

(. %)
4= (Zé, 3)

and the matrix L comprises the linear operators of the right-hand side of (8) acting
on p, g; the vector N(u; , w;) represents the remaining terms.
In Fourier space, we have

0, —pok?
“lopps, 0 )

where @ has been eliminated by the Poisson equation (7); N (u,, u,) is a collection of
convolution sums and also includes the potential of the beam particles. Solving
Eq. (15) for the unknown vector u, 4 , we obtain the following scheme in Fourier
space:

Wige = AUy + BNy, uy) (16)

with
B = 2411 — 4:t L)

24t
Il prro At)2(1 + At L),
A=1+B-L
L —(w, A1) 24t
I+ (w, At)zl + 1+ (wy At)zL

where 1 is the unit matrix. A fully implicit scheme would be unconditionally stable, as
is well known for ordinary differential equations (see, e.g., Potter [12]). The stability
properties of scheme (16) will, therefore, depend only on the nonlinear and the beam
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terms (as comprised in N(u, , u;)) for which no simple implicit method seems to be
available. Indeed, for N(u; , u;) = 0 we can easily show that Eq. (16) produces the
following solution for the Fourier modes:

u; ~ exp (—iwt)
with
Im (w) = 0,

sin Qo A1) = 2w, At/[} + (w; 41)?]
<1 for any positive value of w; 4¢.

But for runs with 4x ~ A, a second method is needed for stabilizing the code
during the trapping phase. In calculating the electrostatic potential from Poisson’s
equation, we have truncated the number density of the beam particles in Fourier
space for | k| 2> £ kmax (instead of | k | = kmax); the effect of this operation—in the
following we call it ““beam truncation’—is similar to an increase of the size of the
beam particles with fixed cell size Ax for the fluid code. In order to have a fair com-
parison, we also produced several runs with code (b) by varying the total particle
number, the time step, cell size, and also by splitting each of the beam particles into
10 particles of the weight 1/10 with respect to charge and mass. This operation,
called “beam splitting”” in the following, is equivalent to reducing the number of the
background particles whose weight increases correspondingly (Kainer ez al. [13]). The
relevant parameters for several runs are listed in Table II; runs 1(a) and 1(b) have
been shown previously. N is the number of actually calculated beam particles, N the
total number of actually calculated particles in case (b). The CPU time as measured
on an IBM 370-168 computer fluctuates by about 10%, according to the actual time
sharing in connection with other users. It has been extrapolated to 2000 time steps in
each case, though most of the particle runs (b) needed only 200 steps. Runs 4(a), 4(b)
have been designed with equal time step, space grid, and number of beam particles,
and should, therefore, be compared with respect to computer time and accuracy.
Instead of showing all figures again we can limit ourselves to the time evolution of the
most unstable mode, which is a rather sensitive tool for illustrating the effect of
parameter changes. Figure 7a shows the results of the hybrid code. Run 2(a) could
not be continued due to numerical instability; therefore, runs 3(a) and 4(a) used the
semi-implicit scheme according to Eq. (16). While a change in 4x still gives significant
effects, we observe readily that neither a change in At nor the beam splitting of run 4(a)
gives remarkable modifications of the standard run 1(a). Figure 7b of the particle code
shows that a decrease of dx as well as the other changes lead to a more pronounced
spread of the data. The earlier rise time of the mode for runs 2(b)-5(b) is due to the
higher noise level, which is mainly determined by the background particles. In view
of this material, we can say that the hybrid code is, for similar parameters, faster and
more accurate than the particle code; but its stability remains a problem for runs
with high spatial resolution or with long evolution times.
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Fic. 7. Time evolution of the wave energy of the most unstable mode for several runs as listed
in Table I1. m: coincidence of @ and v; ®: coincidence of T and ©.

8. SUMMARY AND DISCUSSION

We have calculated the relaxation of a relativistic electron beam in an electron
plasma with fixed ions in one space dimension, using two different numerical schemes.
Code (a) integrated the fluid equations for the background electrons simultaneously
with the beam particle equations and Poisson’s equation, while code (b) was a pure
simulation code according to the particle-in-cell technique. All features of the relaxa-
tion process, such as linear growth, particle trapping, generation of high-energy
particles, and oscillations of beam and background energies, are better seen in code (a),
due to the fact that the initial noise level could be chosen freely in accordance with
the noise of a real plasma, while the noise in code (b) results from the restricted
number of background electrons and is, therefore, notoriously high. One of the best
agreements between the results of (a) and (b) in the nonlinear phase was the first
maximum of the field energy, Eq. (13). Thode and Sudan [7] give the following
formula for this quantity:

Wrs = 3S(1 + 5)7°7,
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where S is the initial beam strength parameter as defined in Eq. (8). In our runs we
have to put S = 0.4 and obtain

W, = 0.087,

a value which is almost 20% too high. But this difference reflects only the inaccuracy
of the formula for Wy . In a run similar to ours with y, = 2; ny/r,y = 0.05; L/A, =
710, the same authors obtained a saturation energy which is 4%/ lower than ours. The
difference of the saturation times ¢, according to Eq. (14) can be explained by the
different initial noise levels for (a) and (b). Extrapolating the exponential growth of
W(t)fromt = Oto ¢ = t,, we obtain the following estimate:

exp (2yot.) ~ W(t,)/W(0).

Using the growth rate y, of the most unstable mode according to Table I and the
values for the initial noises as given in Section 4, we obtain for the difference 4t, of ¢,
between (a) and (b)

1 2.3 x 103

e v T A TR T

which is in good agreement with the observed value 30 because the true values of
W(t,) are nearly equal and cancel each other. Thus, it seems that the fluid code is
optimally adapted for calculations in two and three space dimensions for cold and
warm beams since the storage requirements are considerably lower than for the PIC
code. But we also have to mention two disadvantages which are implied by the high
accuracy of the present code (a): first, it required a time step which was only one-
tenth of the step in (b), and second, the generation of higher harmonics of the electric
field, due to the bouncing motion of the trapped beam particles, is dangerous for the
numerical stability of code (a). We have not yet found a sufficiently stable and dissi-
pationless scheme which would also allow the calculation of the parametric phase
where the stabilized beam modes drive the ion fluctuations unstable. Finally, we want
to discuss our results with respect to further simplifications of the fluid description.
O’Neil et al. [14] and Matsiborko et al. [15] reduced the fluid description of the
background to the equation for the most unstable mode interacting with the beam
particles; later on this single wave model was extended by Schamel ez al. [16] to study
the parametric phase. A common feature of these approaches is the appearance of an
invariant of motion, the generalized plasmon number, which restricts the redistribu-
tion of beam energy. In the absence of a beam, this invariance follows from a time
scale argument even if many waves (Langmuir and ion sound) are present, as was
shown by Elsidsser and Schamel [17]. In the presence of a cold beam, the same argu-
ment leads to a new invariant, provided that the spectrum of the high-frequency
waves is sufficiently narrow; one finds the following generalized plasmon number
(Maasjost [18]):

PN = Np + (myolko){p>, (17
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where N, is the ordinary plasmon number and {p) the mean momentum of the beam
particles. We observed the field energy W, of the mode k&, at saturation time ¢; and we
found

W, = 80.5% of W for (a),

== 88.0% of W for (b),

a result which seems to be in favor of the single-wave model. But we also observed the
time evolution of PN in code (a) as shown in Fig. 8: it is not at all constant. The
sloshing motion of the trapped particles is in conflict with the assumption of se-
parated time scales even if the spectrum is narrow. Therefore, the fluid description
involving many modes seems to be the simplest physical model which gives the correct
dynamics of the background plasma.

20

0V 20 30 4L 0 60 MW & w0V W W NV WO
wpet

Fic. 8. Plasmon number PN (Eq. 17) as a function of time in units of nT,/2ew,, .

APPENDIX: FLow DIAGRAM

Initialization
(a) Initial values (¢ = 0) for

p, @, EBom, phom x -, (t = —A41/2);

(b) Beam density p, (t = 0);
(c) Total electric field E (t = 0);
(d) New particle coordinates

x, (t = At): v, (t = 4t[2); v, (t = 0);
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(e) Initial mean beam current —(e/m)(p,0,)Po™ (¢ = 0);
(f) Second starting values (¢ = —4¢t) for

os P; Ebom (¢ = — At/2); then put ¢ = 0.

Main Loop

ARl

— =

12

—~SvoNe

13.

(a) New background quantities:

plt + 4dt), ot + 41), ‘Ehmn(t%~f%5y Evom(y + Ar), ¢hom(s + Ay);

(b) New beam density p, (z -+ 4¢);
(c) New electric field E (¢ + 4¢);
(d) New particle coordinates

x, (t+240),v, (t + 34,0, (t + 41)
(e) New mean beam current —(e/m)(p,v;,)tom (¢ 4 4¢);

(fy t—1t+ 4t
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